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Viscous Compressible and Incompressible

Flow in Slender Channels'

James C. WiLriams III*
North Carolina State College

Summary

An analytical study is made of viscous flow in slender chan-
nels. Similar solutions to the approximate equations of motion,
valid for flow at moderate or high Reynolds numbers in slender
channels, are found for incompressible two-dimensional and
axisymmetric flows and for compressible flows through two-
dimensional channels with adiabatic walls. A study of com-
pressible flows in convergent-divergent channels yields results
regarding the effect of viscosity on the location of the sonic line,
on the pressure ratio at the geometric throat and on the discharge
coefficient for such channels.

Symbols

a,b = constants

cp = specific heat at constant pressure

cn(w,k) = cosine amplitude #; Jacobian elliptic function

dn(w,k) = delta amplitude u; Jacobian elliptic function

I = mnondimensional stream function

F(¢,k) = incomplete elliptic integral of the first kind

F,,F, = body forcesin x and y direction respectively

g* = mnondimensional velocity variable

h = nondimensional velocity variable

k = thermal conductivity of the gas, also modulus of
the elliptic functions

L = characteristic length in the x-direction

m = mass flow through the channel

M = Mach number

P = pressure

Q = energy addition to the gas stream

R = wall coordinate in transformed compressible flow
problem

® = gas constant

Re = Reynolds number

sd(w,k) = sn(w,k)/dn(wk)

sn(w,k) = sine amplitude %; Jacobian elliptic function

T = temperature

u,0 = longitudinal and transverse velocity components

U, v = transformed longitudinal and transverse velocity
componernts

X,y = longitudinal and transverse coordinates

X, Y = transformed longitudinal and transverse coordi-
nates

a,B = constants

¥ = ratio of specific heats

€ = 1 or 0 for axisymmetric or two-dimensional flow
respectively

nondimensional transverse coordinate
coefficient of viscosity
coefficient of kinematic viscosity
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£ = nondimensional longitudinal coordinate
P = mass density
1Y = stream function
Subscripts
0 = stagnation conditions
1 = conditionsatx = 0
¢ = conditions at the geometric throat

(1) Introduction

SINCE ITS INCEPTION by Prandtl in 1904, boundary-
layer theory has become a highly developed and
important branch of fluid mechanics. There are,
however, a number of viscous flow problems which do
not fit within the framework of Prandtl boundary-
layer theory; one of these is the flow of a viscous fluid
at low or moderate Reynolds numbers in closed chan-
nels or ducts. At high Reynolds numbers the viscous
effects in closed channels are limited to a thin layer
next to the wall and boundary-layer theory may be
applied with good accuracy. At moderate or low
Reynolds numbers the viscous effects may extend
throughout the entire flow field and the assumption of
a thin viscous layer with an essentially inviscid main
flow is violated.

While viscous low Reynolds number flow in closed
channels is related to the boundary-layer problem it
has not undergone the same degree of development.
There are, of course, a few exact solutions for flows in
closed channels, notably Hagen-Poiseuille flow and the
solution for incompressible flow between convergent or
divergent plane walls. There exists also a number of
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approximate solutions!—® for flows in closed channels.
The number of such solutions is relatively small because
of the lack of any large-scale interest in these problems.
The number of solutions which include compressibility
effects is extremely small because of the mathematical
difficulties involved when the assumption of incom-
pressibility is removed.

Recent advances in aerodynamics and space tech-
nology have brought to light two new areas in which
compressible viscous channel flows will play an im-
portant role. These are: (1) the flow in the nozzle
of a low-density hypersonic wind tunnel and (2) the
flow through arc jet or magnetohydrodynamic pro-
pulsion systems used for space flight. Fig. 1 shows in
the Mach number-Reynolds number plane the region
in which low-density hypersonic wind tunnels are ex-
pected to operate.” Fig. 2 shows the region of operation
of arc jet and magnetohydrodynamic propulsion systems
associated with space propulsion of a 100,000-1b ve-
hicle.® Superimposed on these figures are lines of con-
stant Reynolds number (Reynolds number based on
mass flow and characteristic diameter). It is clear
from the Reynolds numbers involved that viscous effects
will play an important role in the flow through each of
these devices.

This then is the reason for renewed interest in the
field of compressible viscous flow in closed channels.
In the present paper an attempt is made to yield some
insight into the problem by obtaining exact solutions
to the approximate equations of motion valid for vis-
cous compressible and incompressible flow in slender
channels.

(2) Approximate Equations of Motion

The problem at hand is to determine the motion of a
viscous, compressible, heat-conducting gas in a channel
bounded by two walls (two-dimensional channel), or

VISCOUS COMPRESSIBLE AND INCOMPRESSIBLE FLOW 187

by a surface of revolution (axisymmetric channel).
The flow configurations are shown in Fig. 3. The
motion of such a gas is governed by the Navier-Stokes
Equations. In most practical cases the channels under
consideration are slender—i.e., the length of the chan-
nel, / is much greater than the radius (or half height)
r—so that » << /. The approximate equations of mo-
tion describing the flow in slender channels at moderate
or high Reynolds numbers are identical in form with
the boundary-layer equations. This fact was alluded
toin Ref. 6. The detailed order of magnitude analysis
which leads to this conclusion was carried out in Ref.
10.

For flow in slender channels then the approximate
equations of motion for steady two-dimensional or
axisymmetric flow are:

(0pu/0x) 4+ (0pu/dy) + (epv/y) = 0 continuity (1)

p%a—u+pv%+9?=ﬁ‘z+a%< au)+

Ox oy = Ox K —b;
eu Ou .
— 5— x momentum equation (2)
y Oy
0p/dy = F, y momentum equation (3)

O ey u 22 2 (20
pucPDx+vaPby ubx_by kby +

kOoT ou\?
e-— +u <—% ) + Q energy equation (4)
y oy oy
p = pRT equation of state (5)
Here ¢ = 0 for two-dimensional flow and ¢ = 1 for

axisymmetric flow. In writing the equations of motion
it has been assumed that the gas is perfect and that
the Stokes relation between the first and second vis-
cosity coefficients is valid.

Although the equations of motion for flow in slender
channels at moderate or high Reynolds numbers are
identical in form with the boundary-layer equations,
the present problem differs from the boundary-layer
problem in two important respects. First, the pressure
distribution in the thin boundary layer is generally
known at the outset from a solution to the inviscid
problem outside the boundary layer; in the channel-
flow problem, the pressure distribution must be ob-
tained as part of the solution. Second, the tempera-
ture and velocity are known at the upper edge of the
boundary layer, again from a solution to the inviscid
problem, and may be used as boundary conditions in
the boundary-layer problem; in the channel-flow prob-
lem, velocity and temperature distributions are not
known in any part of the flow field so that other bound-
ary conditions must be sought. TIf the channel is
symmetric or axisymmetric, then the transverse ve-
locity and the transverse gradient of the longitudinal
velocity must vanish at the centerline from symmetry
considerations. Also, if the channel walls are imper-
meable, the total mass-flow rate through the channel
must be constant. These then are the boundary
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conditions which must be used in the channel-flow
problem.

(3) Incompressible Flow

The fact that the equations of motion for flow in
slender channels are identical in form with the bound-
ary-layer equations suggests the possibility of em-
ploying the mathematical techniques of boundary-
layer theory in solving the channel-flow problem. In
this section the method of similar solutions will be
used to obtain solutions to the problem of incom-
pressible viscous flow in slender channels. Solutions
are found for both two-dimensional and axisymmetric
flows, but consideration is limited to flows with no
body force.

For incompressible flows with no body force, Egs.
(1), (2), and (3) become

(Qu/dx) + (Ov/dy) + (v/y) = 0 (1a)

DU SN
Ap/Oy =0 (3a)
The boundary conditions are given by
u(x,r) = v(x,r) =0
@u/3y)(x,0) = v(x,0) = 0 (6)

where 7 is the distance from the centerline of the chan-
nel to the walls. The condition of conservation of
mass-flow rate is given by

r
= 27 f uy‘dy = const. )
0

The continuity equation is satisfied identically by
the introduction of the stream function defined by

cu = (1/39(0¢9/3y); v = —(1/y)(o¢/0x)

Now in a manner analogous to boundary-layer theory,
a nondimensional stream function

F= )/ [0/ w)(dp/dx)]

is introduced and the independent variables x and y
are replaced by this new set

£ =«/L,

In terms of the new stream function and the new
coordinates, the longitudinal velocity component is:

n = y/r

m

{A) FLOW IN A TWO-DIMENSIONAL CHANNEL

Fic. 3. Geometries for
flow in two-dimensional and
axisymmetric channels.
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u = (r*/n")(1/n) (dp/dx)(3f/0) 8

and the condition of conservation of mass flow rate
becomes

p 3+ed15 ! bf

= 27
" w dxJo op

dn = const.

Since similar solutions are being sought it is anticipated
that  will be the similarity variable. Thus f should be
a function of 7 alone and it is clear from the condition
of conservation of mass-flow rate that

PT/w) (dp/dx) = a = const. 9)
The normal component of velocity is given by
19 dr d
=_3€{__f_171_f} (10)
vy \LOE rdxOy

Introducing the longitudinal and normal components
of velocity and their derivatives into the equation,
Eq. (2a) yields

2(0) 22
on% \n° O 7 On \n° O

(l—l—e)paldr(g]f>2_!£zllx
7°¢ r° pdx \On ne 7
rof oF (f?f_éff>19f}
{Lbn655n+ nOn  On?/ L Ot (1)

Now similar solutions exist only when f and 9f/0n do
not depend upon & Simultaneously the contraction

d
B el must be independent of x.
w7 dx

solutions to exist, the stream function f(5) must satisfy
the ordinary differential equation

B

n

Thus, for similar

where the prime denotes differentiation with respect to
yand

= (pa/ur)(dr/dx) (13)
is a constant.

(a) Two-Dimensional Flow

For two-dimensional flow ¢ = 0 and the governing
differential equation, Eq. (12), becomes

f7" =14 g2 =0 (14)
where
B = (pa/p)(dr/dx), a = (r*/u)(dp/dx)

Thus for two-dimensional flow similar solutions are
possible for convergent or divergent channels with
plane walls. The boundary conditions applicable to
Eq. (14) are:

J0) = f7(0) = (1) = 0 (15)

After introducing
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ht =1 — [{"(n)/f'(0)]
Eq. (14) can be integrated twice to yield:
V6f'(0)/6 1 =
fh dh
o Via{pt — 3h2 4 301 — [1/6f(0)*)}

where the positive or negative sign is taken depending
upon whether 5f/(0) is positive or negative respectively.
The boundary condition f(0) = 0 has been satisfied
in writing Eq. (16). The right-hand side of (16) is a
standard form of the well-known elliptic integrals!! so
that solutions may be obtained by employing tables of
these integrals (e.g., Ref. 12). The remaining bound-
ary condition 2(1) = 1,f'(1) = 0 is satisfied if

V= [6(0)/6] =

(16)

fl dh
o Vx{nt — 3k + 3(1 — [1/8f(0)2])}

(17)

Clearly there are only certain combinations of 8 and
f'(0) for which the solutions satisfy all the boundary
conditions. The values of 8 and f'(0) for which valid
solutions are possible may be obtained by evaluating
Eq. (17) for a number of assumed values of the param-
eter Bf'(0)2.

The exact form of the solution of Eq. (16) and the
relationship between 8 and j/(0) for which valid solu-
tions are possible depends upon the signs of g and f'(0)
and upon the sign and magnitude of 8 f’(0)% Three
classes of solutions are possible.

Class 1: 8> 0, ff(0) <0, 0<gf'(0)2<1

The relationship between 8 and f/(0) for which solu-
tions are possible is

V= 18(0)/6] = mF (s, k)
and the solution is given by
B2 = b2k? sd{ (1/my) vV — [8f'(0)/6]n, ki)
where

a? = (3/2)[1 + V1 + (4/9)¢1]

VISCOUS COMPRESSIBLE AND INCOMPRESSIBLE FLOW 189

bt = —(3/2)[1 — V1+ (4/9)]

¢ = —3{1 — [1/87(02])} k?= a®/(@® + br?),

m? = 1/(a2 + b2, sin s =V (@22 + b12)/a2(1 + by?)
Class 2: <0, f(0)<0, pf2(0)<0

The relationship between 8 and f'(0) for which solu-
tions are possible is

\/Bf’(O)/G = maF (Yo, ks)

and the solution is given by

A D)

14 ¢n (—1 Jﬁf ©) 7, k2>
Wy 6 .
where ‘

at = —(3/2)[1 + V1 — (4/9)¢:]
b? = —(3/2)[1 — V1 — (4/9)4:]

¢ = 3{1 — [1/67(0)*}}
Ba2 = — (a2 — b2)2/4 asba], ms = 1/2V azhy
cos Y2 = (ashy — 1)/ (@b + 1)
Class 3a: >0, f(0) >0, gf0)2> 4.

The relationship between 8 and f/(0) for which valid
solutions are possible and the solution have the same
form as Class 2.

Class 3b: 8> 0, f/(0)>0, 3 < Bf(0)?< 4.

h2 = a22b22

The relationship between 8 and f'(0) for which valid
solutions are possible is

V B(0)/6 = msF(ys, ks)

and the solution is given by
h? = by? sn2[(1/ms)V/Bf'(0)/6 n,ks]

where
as = 3/ + V1 — (4/9)¢s]
by = (3/2)[1 — V1 — (4/9)¢s]
¢s = 3{1 — [1/8(0)2]}
k32 = b32/(132, Wy = 1/(132, Sil’l 303 = l/bg

No solutions are found with 8 negative and f'(0) posi-
tive. ‘

The type of physical solution obtained in each case
depends upon the sign of 8 and f/(0). Since the longi-
tudinal velocity, u = (a/7)f'(y) is always positive,
/(0) must have the same sign as «. Further, since

dr/ds = Bv/a and dp/dx = ap/r®

it is clear that Class 1 solutions correspond to flow in a
convergent channel with negative pressure gradient.
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Similarly, Class 2 solutions correspond to flow in a
divergent channel with a negative pressure gradient,
and Class 3 solutions correspond to flows in a divergent
channel with a positive pressure gradient.

The solutions obtained here correspond to flows in
convergent or divergent channels with plane walls.
But these are just the flows for which exact solutions to
the Navier-Stokes equations, in a polar coordinate
system, are known. Thus very little new information
is gained from these solutions. It is possible, how-
ever, to assess the validity of the approximate equa-
tions of motion by comparing the solutions obtained
here with exact solutions for the same wall shapes.
In Figs. 4 and 5 velocity profiles obtained by the
present analysis for convergent and divergent channels
of 5° half angle are compared with exact solutions as
obtained by Millsaps and Pohlhausen.!? The Reynolds
number here is

Re = ugr/v tan 6 = of’(0)/v tan ¢

which is the same as that used in Ref. 13. The Reyn-
olds numbers for which the present solutions were com-
puted were chosen so as to facilitate the use of the
elliptic functions tables.’? In all cases these Reynolds
numbers are within 10 percent of the value for the cor-
responding exact solution. The close agreement be-
tween the solutions to the approximate equations of
motion and the exact solutions leads one to conclude
that the approximate equations of motion do accurately
describe the flow in slender channels.

Two other points should be mentioned at this junc-
ture. First, the two-dimensional Poiseuille flow, or
“parallel’” flow between parallel walls is included as a
special case (3 = 0) in the present solution. Second,
the present analysis yields solutions for which the
channel walls are divergent but the pressure gradient is
negative (Class 2 above). Physically this solution
corresponds to flows in a divergent channel at such low
Reynolds numbers that the viscous layer on the wall
builds up faster than the wall diverges. As a result,
the flow near the centerline of the channel acts as if it
were in a convergent channel.

SOLUTIONS OF MILLSAPS AND
POHLHAUSEN {REF. 13}

PRESENT SOLUTION
O Re=683

A Re= 1347

O Re=4461

Fic. 5. Solutions for vis-
cous incompressible flow in a
divergent channel. (Wall
angle = 5°.)
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(b) Axisymmetric Flow

In the case of axisymmetric flow, the governing dif-
ferential equation, Eq. (12), becomes

/" + Q/p) (/M) — 14 28(f'/m)2 = 0 (18)
where
B = (pa/ur)(dr/dx), o = (r*/u)(dp/dx)

Thus similar solutions are possible for wall shapes in
which the wall radius varies exponentially with x—
ie.,

¥ ~ exp Brx/c

The boundary conditions applicable to Eq. (17) are

4

F() = 0,£/0) = 0, im0

70
o [f
k)
The differential equation can be put in a convenient
form for solution by introducing

gln) = f'tn)/n, g* = g(n)/g(0)
and by changing the independent variable 5 to

=0

n=0

£ =n/V £g(0)

where the positive or negative sign is taken depending
upon whether g(0) is positive or negative respectively.
In terms of g* and £ the differential equation becomes

dg*/de = =(1 — 28¢%(0)) — (1/8)(dg*/df) (19)
The boundary conditions are
g*(0) =1, (dg*/de)(0) = 0 (20)
and from the differential equation
dig*
ag

dg*

1
g=0 £ d§
These equations were programmed for solution on an
IBM 1620 computer for various values of the param-
eter 28¢2(0). Every solution to Eq. (19) which
satisfies the initial boundary condition, Eq. (20), is not
necessarily a valid solution to the problem at hand.
Only those solutions which cross the g* = 0 axis satisfy
the remaining boundary condition

= %1-2800) @D

£=0

/(1) = 0or g*(1/V g9) = 0
Again three classes of solutions are possible.
Class 1: ¢(0)<0,8> 0,0 <2802 <1

These solutions correspond to flows in convergent
channels with negative pressure gradients.

Class 2: g(0) < 0,8<0, 282(0)2< 0

These solutions correspond to flows in divergent
channels with negative pressure gradients.
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Class 3: g(0) > 0, 8> 0, 2822(0) > 8.6.

These solutions correspond to flows in divergent
channels with positive pressure gradients.

Velocity profiles for flow in convergent and divergent
axisymmetric channels are presented in Figs. 6 and 7
respectively. In Fig. 7 the profile shown for a Reynolds
number of 49 belongs to Class 2, the remaining profiles
in Fig. 7 belong to Class 3 above.

Finally it is observed that the well-known Hagen-
Poiseuille solution for flow in a straight pipe is included
as a special case (8 = 0) in the axisymmetric flow
solutions.

(4) Compressible Flow

Compressible viscous flow in slender two-dimensional
channels will now be studied. In this analysis it is
assumed that there are no body forces, no internal heat
addition, Q, that the gas is perfect and has a constant
specific heat ¢p, that the Prandtl number is unity, that
the viscosity temperature relationship is linear—i.e.,
u = w1 /Ty—and that the wall is insulated.

Under the conditions specified above the energy
equation has the simple solution

cp T + (u2/2) = ¢p Ty = const. (22)

and the flow is isoenergetic. The compressible viscous
flow problem may be transformed into an equivalent
incompressible problem by employing a Stewartson-
type transformation in which the independent variables
% and y are replaced by the new set X and Y defined

by

p “p
X=f ~— dx, Y=f—d 23
OPox Opoy (23)

Introducing a new set of velocity components defined
by

U=20/dY, V=-—-0/0X

where ¢ is the proper stream function in the physical
coordinate system, the equations of motion become

QU/dX) 4+ (0V/0Y) =0 (24)
oU oU  10p U
— VD - =y 2
UsxtVaort,ox = "ow (25)
op/OY =0 (26)
Re="‘J1,ri "o
Ug EVALUNTED AT r=rp o &
L= 5080 T
10 [
N

Fic. 6. Solutions for vis-
cous incompressible flow in
a convergent axisymmetric
channel.
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The density is eliminated from Eq. (25) by employing
the equation of state and the energy integral, Eq. (22).
Upon elimination of the deunsity, Eq. (25) becomes

U U ’\dlnp U
UaXJ’VaYJ“@‘(T“ 20p>

ix are
(27)

The boundary conditions in the transformed coordi-
nate system are

UX,R) = V(X,R) = 0
QU/DY)(X,0) = V(X,0) = 0

where

v

R = ﬁdy
0 po

If, by analogy with the incompressible problem, one
now introduces the nondimensional stream function

fEm) = WXY)/(®RTo/v)R*d In p/dX)]

and the nondimensional coordinates
£=X/L n=Y/R
the longitudinal velocity component becomes
RT\R?dIn p O
UKX,Y) = —— dIn p of
¥ dx On

From the condition of conservation of mass flow in the
channel it is found that
s dlnp

®RT,
” R X = const. (28)

Finally, if one seeks similar solutions, it is found that
for similar solutions to exist the stream function, f(y),
must satisfy the ordinary differential equation

=14 82=0 (29)

where the prime denotes differentiation with respect to
n and B is the constant

a? a dR

B=oprt, " wix

The boundary conditions applicable to Eq. (29) are
) = f"(0) = f(1) =0 (30)

The governing equation for the nondimensional
stream function, Eq. (29), and the boundary condi-
tions, Eq. (30), are the same as the governing equation,
Eq. (14), and boundary conditions, Eq. (15), for the
nondimensional stream function in incompressible
flow. Thus the solutions obtained in Section (3a) may
be used directly to determine the flow of a compressible
gasin a two-dimensional channel. One must now make
the inverse transformation from the transformed co-
ordinates, X and Y, to the physical coordinates, x and
y, to determine the wall shapes for which solutions are
possible in the compressible problem.
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Similar solutions are possible for wall shapes (in the
transformed coordinates) which are defined by

dR*/dX = b[l — (a/R*¥)] (31)
and for pressure distribution defined by
1 dp* 2v ab
2 va (32)

;; ix (y — 1)R*
where R* = R/Ry, p* = p/p1, a = a2/2cp TyR:?8, and

b = wB/aRy. Combining Eqgs. (31) and (32) and
integrating yields
R¥ — g YW—D
* = —
AT (33)

The relationships between the natural and the trans-
formed coordinates are obtained by inverting the
transformation relations given by Eq. (23). Employ-
ing (23) and (31) the physical x-coordinate becomes

R 2 \@y—1/(=1D)
x = %’ (1 — @)@ fo < R > T R
1

R¥ — g
which for v = 1.4 can be integrated directly to yield
xb Pl

b VRY - o f1_ o R*
(1 —a)/Yp, 7 5 5 R* —

) )
5 \R¥ — ¢ 5\R¥ — a

(2N 4 o 9

2
R*¥ — qa

where the constant isevaluated so thatx = Qat R* = 1
Making use of the energy integral to eliminate the
density, the physical y-coordinate becomes

=@ifﬂ< _af/2>
Yo \ITRF) N

or when the differential equation, Eq. (29), is used

p() R* 7 a af’//
y:-_?;lRl;k 0 1_R*2+F’ d"]

Integration yields
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y Do R* R*2 —a a ”
R\ )T el @)

since f"(0) = 0. The wall coordinate is obtained
when 4 = 1so that

7 po R* (R¥ — a a
Eopl e T l0p o

Since the wall coordinate 7 depends upon f'(1), it is
obvious that each solution to the basic differential
equation, Eq. (29), corresponds to flow in a channel
of different wall shape. Thus it is not possible to
find solutions for a fixed wall shape over a complete
range of Reynolds numbers. It is possible, however,
to study the general characteristics of viscous com-
pressible flows with the solution obtained here.

As a result of the Stewartson-type transformation
and the similarity transformation, the compressible
problem is reduced to that of solving the equivalent
incompressible problem. Thus, as in the incompressi-
ble case, three classes of solutions are found. In the
compressible flow problem the three classes of solu-
tions given in Section (3a) have the following physical
characteristics.

Class I: Solutions of Class I correspond to flows
with a negative pressure gradient in convergent chan-
nels with a throat for small values of ¢ and in divergent
channels for larger values of the parameter a.

Class II: Solutions of Class II correspond to flows
with a negative pressure gradient in divergent channels.

Class III: Solutions of Class III correspond to
flows with positive pressure gradients in divergent
channels for small values of a and in convergent
channels for larger values of a.

A preliminary study of the solutions of Class II
indicates that the scaling parameter b takes on un-
reasonable values unless the Mach number is small—
1.e., the flow is essentially incompressible. Thus flows
of Class II are excluded from further consideration
here.

A typical solution of Class III has been computed
for the case where ¢ = 0.1, 8f'(0)2 = 3.89 (8 = 467,
f(0) = 0.0913), po = 10~* atmospheres, 7y = 800°K
and #(x = 0) = 5 cm. These conditions correspond
to an initial Mach number of 1.78 and a Reynolds num-
ber (ugr/v, where 4y and 7 are evaluated at x = 0) of
484. The wall shape and several constant Mach num-
ber coutours for this flow field are shown in Fig 8.
This flow field is interesting since it shows a reversal
of the flow next to the wall similar to that found in the
incompressible solution (as for example Fig 5). The
extent of this reverse flow region is shown in Fig. 8
where the zero Mach number contour represents the
boundary between the main flow and the reverse flow
regions. In the region between the contour M = 0
and the wall, the Mach number is negative indicating
negative (reverse) velocity. .

Perhaps the most interesting of the three classes of
solutions is Class I which yields flows in convergent-
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divergent channels with a negative pressure gradient.
This type of flow is found in supersonic wind tunnel
nozzles, jet and rocket engine nozzles, and many flow-
metering devices. A typical solution of this class has
been computed for the case where ¢ = 1073, g8f'(0)2 =
0.9772 (8 = 205.3, //(0) = —0.06896), po = 102 atun,
To = 400°K and 7(x = 0) = 5 cm. This corresponds
to a flow in a convergent-divergent channel with an
initial Mach number of 0.07 and a Reynolds number
(based on mass flow per unit channel width) of 87.3.
The wall shape, pressure distribution, and centerline
Mach number for this solution is presented in Fig. 9.
Fig 10 presents a detailed Mach number distribution
in the immediate vicinity of the channel throat. It is
here that the viscous effects are most striking. An
inviscid one-dimensional analysis of the flow in a
convergent-divergent channel with a negative pressure
gradient leads to the result that the Mach number at
the geometric throat can only be unity, and the pres-
sure ratio at the throat, (p/po), must therefore be
[2/(y + DYDY = (0.5283 for air (y = 1.4). If
viscous effects are large, however, this is not true. In
Fig. 10, constant Mach number contours are shown
for Mach numbers of 0.7, 0.8, 0.9, and 1.0 (sonic line).
It is clear that one of the effects of viscosity is to trans-
pose the sonic line (and all other constant Mach num-
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ber lines) downstream of the geometric throat and to
cause the sonic line to curve into the divergent portion
of the channel. The transposing of the sonic line
downstream of the geometric throat is due to the dis-
placement effect of the viscous layer near the wall.
One might wish to define an effective inviscid channel
width by subtracting from the actual channel width

twice the displacement thickness §* = f <1 — ﬂ)
0 Pcle

“dy. The approximate location of the sonic line would

then be given by the point at which d4d/dx = 0, where
4 is the effective channel width (area).

If the sonic line lies downstream of the geometric
throat, then the pressure ratio should be greater than
the value [2/(y + 1]~ predicted by inviscid
theory. An approximate relationship between the
pressure at the geometric throat and the Reynolds
number may be obtained from the present analysis.
The location of the geometric throat for solutions of
Class T may be found by diferentiating Eq. (36) with
respect to x and setting the result equal to zero. In
this manner it is found that the value of R*' corre-
sponding to the geometric throat is

R =ad i) (2 rm) +

Ak

The pressure ratio at the geometric throat is given

(22) _ |: Rt*ﬁ —a i]v/(v—l) ZZI
Do/ ¢ Rz*2(1 — a) Do

If @ is assumed to be much smaller than unity, then
the initial Mach number is small and pi/pp = 1.
Neglecting a compared to unity, the pressure ratio at
the geometric throat becomes

87f”(1)

+f"<1>]

8'yf”(1)

Po
2+

The mass flow per unit width of the channel is m =
2poaf(1) so the Reynolds number based on mass flow is

_om 2af(1) 28 f(1)
Re = w T TR (38)

Now & and R;j are scale factors determining the size
of the channel involved. Since each solution corre-
sponds to a channel of slightly different geometry, it is
impossible to determine the effects of viscosity on a
single geometry over a large range of Reynolds num-
bers. For this reason it is convenient to ignore the
scaling factor bR, and take the parameter Bf(l) as rep-
resentative of Reynolds number.

The pressure ratio at the geometric throat is pre-

o) | w420

+77() + \/[— +f”(1)] i"’f W

(37)

sented as a function of gf(1) in Fig. 11. Inspection of
Fig 11 shows that as the Reynolds number [8f(1)] is
decreased, the pressure ratio at the geometric throat
rises above its inviscid (Re = «) value of 0.528.

In addition to predicting the rise in throat pressure
ratios resulting from viscous effects, it is also possible
to show, with the present analysis, the effect of Reyn-
olds number on the discharge coefficient of a convergent-
divergent channel. The discharge coefficient is de-
fined as the ratio of the actual mass flow which passes
through a given nozzle to the ideal mass flow which
would pass through the same nozzle at the same pres-
sure ratio. From the present analysis, the actual
mass flow which passes through the nozzle is given by
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Fi1c. 10. Constant Mach number profiles near the throat of a
convergent-divergent channel.

Eq. (38). The ideal mass flow which would pass
through the same nozzle at the throat pressure ratio

(p/Po)is:

mwmy; =

_ (v+1) /7 A+v/y
2p07 4 \/G%To ‘/ 2y <3> [(11) - 11
¥ — 1 \po Po J

t t

The discharge coefficient therefore is given by

Vagf(1)

2 <£>(7+1)/7 [(g)(l—v)/v _ 1i|
Ri\po/, Po/ ¢

Q~§fﬁﬁ—a+wmq
R p*L RX* R

CD=

where

The discharge coefficient has been computed from
these -equations using the solutions of Class I and is
presented in Fig. 12 as a function of 8f(1) which is repre-
sentative of Reynolds number. It is, of course, not
surprising to find that the discharge coefficient de-
creases as the Reynolds number decreases.

(5) Concluding Remarks

Similar solutions to the approximate equations of
motion valid for moderate or high Reynolds number

ATAA JOURNAL

flows in slender channels have been obtained for in-
compressible two-dimensional and axisymmetric flows
and for compressible flows through two-dimensional
channels with adiabatic walls.

It was found that similar solutions in the incom-
pressible two-dimensional problem are possible for
flows in convergent or divergent channels with plane
walls. By comparing these solutions with exact so-
lutions to the Navier-Stokes equations for the same
problem, one is able to show that the approximate
equations of motion do accurately describe the flow in
slender channels.

In the case of incompressible-axisymmetric flow,
similar solutions are possible for flow in channels where
the wall radius varies exponentially with the distance
along the channel. For this type of flow the pressure
gradient is inversely proportional to the fourth power
of the wall radius.

In the case of compressible flow through two-dimen-
sional channels with adiabatic walls, similar solutions
are possible for a variety of wall shapes. A study of
compressible flows in convergent-divergent channels
indicates that:

(1) As a result of viscous effects in the channel the
sonic line lies downstream of the channel geometric
throat.

(2) The pressure ratio at the geometric throat is
greater than the value predicted by inviscid theory,
and increases as the Reynolds number is decreased.

(3) The discharge coefficient for the channel de-
creases as the Reynolds number is decreased. A plot
of discharge coefficient as a function of Reynolds num-
ber resembles very closely similar curves for incom-
pressible flow.

© CORRESPONDS TO FLOW SHOWN IN FIGURES 9 aND IO
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F1c. 11. Effect of viscosity on the pressure ratio at the throat
of a convergent-divergent channel.
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